FLIPS OF MODULI OF STABLE TORSION FREE SHEAVES 

WITH ci = 1 ON P2 



RYO OHKAWA 



Abstract. We study flips of moduli schemes of stable torsion free sheaves 
E with ci{E) = 1 on as wall-crossing phenomena of moduli schemes of 
stable modules over certain finite dimensional algebra. They are described as 
stratified Grassmann bundles. 

Dedicated to Takao Fujita on the occasion of his 60th birthday 
1. Introduction 

1.1. Background. We denote by Mp2(r, ci,n) the moduli of semistable torsion 
free sheaves E on with the Chern class c{E) = (r, ci,n) g 7J*(P^,Z). In this 
paper we treat the case where ci — 1. In this case semistability and stability for E 
coincide. When n>r>2, orn>2 and r = 1, the Picard number of Af]p2(r, 1, n) 
is equal to 2 and we have two birational morphisms from Mp2(r, l,n), which is 
described below. 

One is defined by J. Li |Li97j for general cases. We denote by Mp2(r, l,n)o 
the open subset of Mp2(r, l,n) consisting of stable vector bundles. The Uhlenbeck 
compactification Mp2(r, l,n) of Afp2(r, 1, n)o is described set theoretically by 

Mp2(r, l,n) = U,>oA/p2(r, l,n - i)o x S''(P^). 

The map tt: Mp2(r, 1, n) — ^ Mp2(r, l,n): E ^ t^{E) is defined by 

Ti{E) := {E^\Svij>^{E''^ /E)) e Mp2(r, 1, n - z)o x ^^(P^), 

where is the double dual of E and i is the length of E^'^ /E. In the case where 
r = 1, this morphism is called the Hilbert-Chow morphism tt: (P^)!"! — > S'"(p2) 
and it is a divisorial contraction when n > 2. In the case where r > 2, this 
map is birational since it is an isomorphism on Mp2(r, l,n)o to its image. It is 
shown that the codimcnsion of the complement of Mp2(r, 1, n)o is equal to 1 when 
Mp2(r, l,n — 1) ^ (cf. [Mar88., Proposition 3.23]). Hence this map is a divisorial 
contraction. 

The other one is defined by Yoshioka. In his paper |Yos03l on moduli of torsion 
free sheaves on rational surfaces, he studied the following morphism 

ip: Mp2{r, 1, n) Mp2(n + 1, 1, n). 

For any E e Mp2(r, 1, n), il^{E) is defined by the exact sequence 

(1) ^ Extp2(i;,Op2)'^ (^C'p2 ^ i;{E) E ^ 0, 

which is called the universal extension, where Extp2 (i?, C'p2)^ is the dual vector 
space of Extp2(-B, Op2). Here we have Homp2 Op2 ) = Extp2 (-B, C'p2 ) = and 
(n + 1 , 1 , n) € F* (P^ Z) is the Chern class of 

[E]-x{E,Op2)[Or2] = [^] +dimExti2(£;,Op2)[Op2] e fr(p2), 



where x(-B,OpO = dime Ext^2 (^, Op2). 
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Furthermore the moduh space Mp2(r, 1, n) has a stratification 

A/p2(r,l,n) = U[^oAf^2(r,l,n), 

where Mp2{r, l,n) := {E e Mp2{r, l,n) \ dime Homp2 (0^2 , = i} and it is called 
the Brill-Noether locus. The following theorem is shown in [Yos03] . 

Theorem 1.1. cf. |Yos03[ Theorem 5.8] The following hold. 

(1) There exists an isomorphism 

M;2(r,l,n) =1^-1 (MpV+'+'(« + l,l,n)) . 

(2) The restriction ofip to each strata Mp2(r, 1, n) is a Gr(n—r+i + l, i)-bundle 
over the strata Mp2"'^"'"*"'"^(n +l,l,n). 

By the above theorem if n is large enough, "0 is a birational morphism to the 
image im ip and it is a flipping contraction. By the theory of the birational geometry 
[BCHMIO] we have the diagram called flip 

(2) M+(r,l,n)^ Mp2(r,l,n). 

im'i/; 

The purpose of this note is to describe spaces Af_|_(r, 1, n), imip and the morphism 
in the above diagram using terms of moduli spaces. We follow ideas in |Ohk] . 
We consider Mp2(r, l,n) as a moduli scheme of semistable modules over the finite 
dimensional algebra Endp2 (C'p2(l) ® f2p2(3) ® 0p2(2)) and study the wall-crossing 
phenomena as the stability changes using the result of |Ohk| as follows. 

1.2. Main results. We introduce the exceptional collection 

(£:= (Op2(l), 1712(8), Op2 (2)) 

on P2 and put S := Op2(l) © n^^iS) © Ops (2) and B := Endp2(£:). We denote 
abelian categories of coherent sheaves on and finitely generated right S-modules 
by Coh(P^) and mod-i? respectively. Then by Bondal's Theorem [Bon89j . the 
functor $ := RHomp2(£, — ) gives an equivalence 

where D''(P^) and D^{B) are the bonded derived categories of Coh(P^) and mod- B 
respectively. The equivalence $ also induces an isomorphism Lp: K(¥'^) ^ K{B) 
between the Grothendieck groups of Coh(P^) and mod- B. 
For a G K{B), we put 

a-^ := {9 e Homz(i\:(S),R) | 0{a) 0}. 

Any 9 S a-^ defines a stability condition of S-modulcs E with [E] = a. We denote 
by MB{ct,9) the moduli space of ^-semistable S-modulcs E with [E] = a. In 
particular we take 

ar- = Ur.n ■= (/3(nOp2 (-1) [2] + (2n - r + l)Op2 [1] + (n- l)C'p2) e K{B). 

Here we omit subscription "rt" although ar depends on n, since we almost always 
fix n in this paper. There exists a wall-and-chamber structure on a:jr. 

When n is large enough we find two chambers C_ , C+ and a wall Wq C 
between them such that the following propositions hold (cf . § ^ . We put 

M^{ar) -.^ MBiar.,9^), Af+(a^) := MB(a^, 6*+), Mo(a^) MB(a^, 6io) 

for any 9^ e 9+ e C+ and 9o G Cq. 
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Proposition 1.2. [Ohkl Main Theorem 1.3 (iii)] We have an isomorphism 
We automatically get the following diagram 




Mo (a,.) 

By analyzing this diagram we see that diagrams ^ and ([3]) coincide up to isomor- 
phism. In particular we get the following proposition. 

Proposition 1.3. We have isomorphisms 

(1) Mo(Q:r) = imi/> and 

(2) M+{ar)=M+{r,l,n). 

Proofs of Proposition 11.31 are given in 13.11 for (1) and in 13.41 for (2). Using 
the S-module 5o := $(0112 [1]) we define the Brill-Noether locus similar to one in 
Yoshioka's theory, 

Ml{ar) ^{E(E M-{ar) \ dime Horns (^o, -B) = i}, 

Mliar) ^{Ee M+{ar) \ dime Homs(£;, S-q) = i}. 
Our situation is similar to |NY] and we have our main theorem. 

Theorem 1.4. Assume n > r + 2. Then for each i the following hold. 

(1) The images f^{M^{ar)) and /_(Af!_(ar)) coincide in Mo^ar). 

We put Mliar) := - /_(Mi(a,)). 

(2) We have isomorphisms Mg(Q;r) = M£(ar_i) = M^{ar-i). 

(3) We have isomorphisms M]^{a.r) = f^^{MQ{ar)). 

(4) The restrcition of f+ to each stratum Af^(a,.) MQioir) is a Gr(n — r + 
i — 2,i)-bundle over MQ^ar). 

Note that M+{ar) 7^ if and only if n > r + 2. Proofs of Main Theorem [Ol 
are given in § 13.31 for (1) and § 13.61 for the others. We also give a new proof of 
Theorem 1 1 . 1 1 using terms of _B-modules via the isomorphism Mp2(r, 1, n) = M^(ar) 
in ^ 13.61 By these descriptions we see that (r, l,n) is smooth and we can compute 
Hodge polynomials of M+{r, 1, n) from those of Mp2 (r, l,n). 

The paper is organized as follows. In §2 we introduce a description of Picard 
group of Mp2 (r, l,n) in terms of ^-stability of right i3-modules. In §3 we study the 
wall-crossing phenomena of moduli of 0-semistable right _B-modules. This is de- 
scribed as stratified Grassmann bundles and this gives a proof of Main Theorem ll.4l 
In the Appendix by using Bridgeland stability we give a proof of Proposition [3TTll 
which is similar to |Ohkl Main Theorem 5.1]. 



Notation. We fix the following notation in the paper: 

If A is a matrix we denote by *A the transpose of A. If V is C-vector space then 
we denote by the dual vector space Home(V^,C) of V and we also denote by 
Gr{V, i) the Grassmann manifold of i-dimcnsional subspaces of V. We consider the 
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polynomial ring C[a;o, xi,X2] and the tensor product V (g) C[xo, xi, a;2]witli a vector 
space V. For any monomial m G C[xo, xi, X2] we put 

l/0rn:={v(g)mey0 C[a;o,a;i,a;2] | v e V}. 

We put X := (a^o, xi,X2) and denote by F (g) x the direct sum 

(V (g) xo) ® (F (g) xi) ® (g) 2:2) 

of V. We denote the i-th embedding F — >• F (gx and the i-th projection V^(gx — >• V 
by ajj and a;| for i = 0, 1, 2, respectively. For morphisms fij : U ^ V between vector 

(/oo /oi /02\ 
/lo /ii /i2 the 
/20 /2I /22/ 

morphism 

/ := ^ XiO fj^j o Xj-. ?7 (g) X — )• y (g) X. 

We also use similar notation for vector bundles. 

For any path algebra of quiver with relations, we identify modules over the 
algebra and representations of the corresponding quiver with relations. 

2. PiCARD GROUP OF Afp2(r, l,n) 

We introduce an explicit description of the Picard group of Mp2(r, 1, n) in terms 
of B-modules. 

2.1. Finite dimensional algebra B. Finite dimensional algebra B = Endp2(f) 
is written as a path algebra of the following quiver with relations {Q, J), where Q 
is defined as 

Q := -1 ^ VO ^ = 0, 1, 2) 

and J is generated by the following relations 
(4) 7i^,+7j(5i=0,(i,i = 0,l,2). 

We identify categories I?''(p2) and D''{B) and groups is:(p2) and K{B) via $ and 
if. For example, we denote Op2(i — 1)[2 — i] and the corresponding simple B-module 

by the same symbols Si for i = —1, 0, 1. 

We put ei := [Si] e K{B) {i = -1, 0, 1). Then we have 

K{B) = Ze_i eZeoeZei. 

We denote the dual base by {e!_i, eg, ef}. For a_i, ao, ai € Z, by 




(5) 



we denote a = a_ie_i + aoSo + c^ei G K{B) and for ^,0",^^ e M, by 

e = {e-\e°,0^) e }iomz{K{B),R), 

we denote 61 = 61-^6^1 + e'^e^ + e^e\ e Homz(/i'(B),M). 
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2.2. Moduli of semistable B-modules. For any a € K{B) and e ® M C 
Homz(i<r (S), R), we define 6'-stability as follows. Here 

= {61 e Homz(i^(B),Z) | e{a) = 0}. 

Definition 2.1. A right B-module E with [E] = a in K{B) is said to be 9- 
semistable if for any proper suhmodule F <Z E, the inequality 9{F) > 9{E) = 
holds. If the inequality is always strict, then E is said to be 9 -stable. 

By Ms (a, 9) we denote a moduli scheme of 6'-semistable S-module E with [E] = 
a. We define wall and chamber structure on (g) R as follows. Wall is a ray 
W = IR>o6''^ in a-*" ® R satisfying that there exists a 0^-semistable _B-module E 
such that E has a proper submodule F with [F] ^ Q>oa in K{B) and 9^ {F) = 0. 
A chamber is a connected component of (a-*- \ UW , where W runs over the set 
of all walls in (g) R. For any chamber C C ® R, the moduli space Ms (a, 9) 
does not depend on the choice of G C. 

Here we assume that a € K{B) is indivisible and 9 is not on any wall in a^, 
then there exists a universal family lA of i?- modules on Mb{q:, 9) 

(6) U:^{u-i >Ua ^ , (i, j = 0, 1, 2) 

where ZYq and Ui are vector bundles corresponding to vertices V-i,vq,vi and 
7* : U^i Uo, S* : Uq ^ Ui are morphisms corresponding to arrows ji, Sj. 

2.3. Deformations of B-modules. We take a € K{B) defined by ([5]). For any 

B-module E with [E\ — a, by choosing basis of Ev-i, Evq and Evi we have an 
isomorphism 

(7) (C"-i ^ C"« ^ C"i), 

where S Homc(C"-S C"«) and Dj e Homc(C"°, C"i) correspond to the action 
of 7i and Sj respectively for i,j = 0, 1, 2. The pull back of the heart mod- B of the 
standard t-structure of D*'(B) by $ is a full subcategory ^ := (0(-l)[2], 0(1)) 
of _D^(P^). The following complex of coherent sheaves on 

corresponds to in ([7]) via the equivalence $, where xo,a;i,a;2 are homogeneous 
coordinates of P^. By (Ohki Lemma 4.6 (1)], F,xt^{E, E) is isomorphic to the 
cokernel of the map 

(8) ^0Homc(C"-SC"'')x,^ Homc(C"« , C^^^ 

4 0Homc(C"-\C"Ox,Xj, 

i<j 

where the map d is defined by 

i j i-j 

for e Homc(C"-i,C"o) and ry^ G Homc(C"o, C"i): (^J = 0, 1,2). We study the 
deformation functor Ve ■ (Artin//c) ^ (Sets). For any Artin local fc-ring R, the set 
I?£;(i?) consists of right R(E) B-modules E^ 

E" = (i?"-i ^ ^ R°"),DfCf + D^Cf = 

such that = Ci, = Dj modulo mfl for each i, j ~ 0, 1, 2, where and 
is i?-linear maps and mj^ is the maximal ideal of R. We show the following lemma. 
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Lemma 2.2. The deformation functor Ve has an obstruction theory with values 
in Ext%{E,E). 

Proof. For any small extension 

with mna = and = (Cf , Df ) € VsiR), we write = C, + ^^ and Df = 
Dj + r/j for G Honic(C"-i, C"«) (g) tur and 77^ e Homc(C"«, C"i) «) to/?. By 
the isomorphism mn ^ mji'/a, we have lifts € Homc(C""% C"") to/j/ and 
r?^- € Homc(C"o,C"i) (g) m^/ of and r/^ respectively. We put Cf := Q + 
Df :^D,+i^. 

Since -Df' Cf + Df' Cf = Df Cf + DfCf ^ modulo a, we have an element 
(pfcf + Df'cf^ x^Xj e Homc(C"-\ C"Oa;^a;J■ a. 

By the image of this element to the cokernel of ^ tensored by a, we define an 
element o{E^) in Ext^(£',i?) ® a. This defines a well-defined map 0: Ve^R) 
Ext5(-E, E)®a and we easily see that E^ hfts to if and only if o{E^) = 

0. □ 



2.4. Chambers Cp2 and Picard group of Mp2(r, We take 



n 



(9) = I 2n + r - 1 I e 

n — 1 

such that ch(ar) — ~{r, 1, — n) and assume that Mp2(r, 1, n) is not empty set. 
Then there exists a chamber Cp2 c (gi K such that $( • [1]) induces an isomor- 
phism 

(10) Mp2{r,l,n) = MB{ar,0) 

for any 9 £ Cp2 (see |Ohkl Main Theorem 5.1] or jPot94h . The chamber Cp2 
is characterized as follows. We put dp2 := (— r — 1,1,— 1 + r). Then we have 
dp2{Ox) = for any skyscraper sheaf at a; G P^. The closure of Cp2 contains the 
ray R>o6'p2 and for certain 6 € CV2 we have 9{Ox) > and MB{oir, 0) 7^ 0. 
If we put 6*0 := (— n + 1, 0, n), then by |Ohk[ Lemma 6.2] we have 

(11) M>o^o + ]R>o^p2 C Cp2. 

In the case where r = 1, by |Ohk[ Lemma 6.3 (2)] we have M>o6'o + IR>o%^ — Cp^ 
for n > 2 In the case where r > 2, we will describe the chamber in 13.41 

Since ar is indivisible by the definition for any 9 € Cp2 we have a uni- 
versal family U on MB{c(r,d) as in We define a homomorphism from to 
Pic (Ms (a,, 0)) by 

p(m) = TO_i det(Z^_i) + Too dct(Z^o) + rni dct{Ui), 

for m = (to_i,too,toi) £ a^. By (|10p this gives a homomorphism p: — >■ 
Pic(A/p2(r, 1,71)). Then by [Dre98| we have the following proposition. 

Proposition 2.3. The above map p: — > Pic (Ai]p2 (r, 1, n)) is an isomorphism. 
Furthermore p(— 30p2) is the canonical bundle of Mp2[r,l,n). 
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3. Proof of Main Theorem 11.41 

We put ar^n '■= * {n, 2n — 1 + r, n — 1) e K{B). In the following we omit "n" 
and put ar — ar^n except in § 13.41 Note that ch{ar) = — (r, 1, -i — n). We put 
9o := (— n + 1, 0, n) € and consider 6*+ := 6*0 + £{2n — 1 + r, ~n, 0) and 9- := 
6*0 — e{2n — 1 + r, — n, 0) for e > small enough such that 6± lie on no wall. We 
put M±{ar) := MB{ar,9±) and Mo{ar) := Mi3(ar,6'o)- By ^ and (HH) we have 
an isomorphism 

(12) Mp2(r,l,n) ^ M_(ar). 

By C± we denote the chamber containing 9± respectively and put Wq ■— M>o0o- 
Since 9- G Cp2 , we have C_ = C]p2 . We automatically get the following diagram: 

(13) M+{ar) M^iur). 



Moiar) 



In this section we see that this diagram is described by stratified Grassmann bundles 
and give a proof of Main Theorem 11.41 

3.1. Kronecker modules. We consider the 3-Kronecker quiver, which has 2 ver- 
tices and 3 arrows /3o;/3i5/32 from vi to u_i 

— — ';\(z=.o,i,2). 

and consider the path algebra T. Any right T-module G has a decomposition 
G — Gv-i ® Gvi and actions of /3i define linear maps Gw-i Gvi for i = 0, 1, 2. 
By abbreviation we define 9q{G) g M by 

6q{G) :— (— n + 1) dime Gv^i + ndimc Gvi. 

We denote by K{T) the Grothendieck group of the abelian category of finitely 
generated right T- modules and take ax ■= n[Cv-i] + {n — l)[Cfi] G K{T). 

Definition 3.1. An right T-module G with [G] — ax G K(T) is stable if and only 
if for any non-zero proper submodule G' of G we have an inequality 9q(G') > 0. 

We denote by MT{ctT) the moduli space of stable T-modules G with [G] ~ ax- 

For any B-module E ^ ^C" ^ c2"-i+'' ^ C"-i^ , we define T-module Et by 



where Ci and Dj are matrices with suitable sizes and we define Ai hy Ai := 
Di+2Ci+i for each i G Z/3Z. 

Lemma 3.2. For any B-module E = ^C" ^ £:^n-i+r ^ the following 

hold. 

(1) E is 9Q-semistable if and only if Et is stable. 

(2) E is 9o-stable if and only if Et is stable and 

HomB(S, So) = HomB(S'o,£^) = 0. 

(3) The following are equivalent. 
(a—) E is 9^ -stable. 

(b— ) E is 9^-semistable. 

(c— ) Et is stable and IIoms(£', S'o) — 0. 

(4) The following are equivalent. 
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(a+) E is 0^ -stable. 

(b+) E is 6^-semistable. 

(c+) Et is stable and HouiBiSo, E) = 0. 

Proof. (1) For every submodule F C E,we have a submodule Ft of Et- Conversely 
for any submodule G' of Et, we define a submodule F of E such that Ft = G' 
as follows. We put Fv-i G'u_i, Fvi := G'vi and Fwq := Z]jC'j(Fu_i) C -Ewq- 
By the relations we have a submodule := Fw-i Fwo ® -Fwi of E and 
6»o(F) = 6*0 (i^r) = 6*0(6"). This yields the claim. 

(2) For any non-zero proper submodule F C E, Oo{F) = if and only if dim(F) = 
(0, 1, 0) or (n, l,n — 1) for < I < 2n + r — 1. There exists no such F if and only if 
Rom.B{So,E) = RoniB{E,Sa) = 0. 

(3) (a-) (b-) It is trivial, (b-) =^ (c-) We choose 9- = Oq ~ e{2n - 1 + 
r, — n,0) for e > small enough. If E is 0_-semistable, then for any submodule 
F C E we have 6*0 (F) > 0, since 9-{F) > for arbitrary small £ > 0. This 
implies that E is 0o-semistable and hence by (1), Et is semistable. Any non-zero 
(j) g HomB(£', S'o) destabilize E. Hence we also have \Iouyb{E, So) = 0. 

(c— ) =^ (a—) We assume that Et is stable and Houyb{E, Sq) — 0. Hence for every 
submodule F C E,we have 6'o(F) = 9o{Ft) > 0. If 6'o(F) = then UomeiE, Sq) = 
implies that F = S*^' for < / < 2n + r - 1. In this case 9^{F) = enl > 0. If 
9o{F) > then we also have 9-{F) > for e small enough. Hence E is 6'_-stable. 

(4) It is similar to the proof of (3). 

□ 



By the above lemma we have morphisms 7r!j. : M±{ar) MT{aT) '■ E i— >■ Ft- We 
also see that the map E i— > Et is independent of representatives of S-equivalence 
class for 6'o-stability up to isomorphism of T-modules. Hence we get the morphism 
tTq-. Mo{ar) — Mt(q!t) and this map is set theoretically injective. 

Lemma 3.3. The morphism ttJ : Mo{ar) — MT{aT) gives a closed embedding. 

Proof. TTq is induced from a homomorphism of graded rings of invariant sections, 
therefore affine morphism. Since both of Afo(ar) and MTiar) are projective, ttq is 
finite. Since ttJ is set theoretically injective, the claim holds. □ 

Furthermore we easily see that morphisms 

ttI^+I; Af_(a„+i) ^ A/T(aT), ; M+(a„_2) ^ MtIot) 
are isomorphisms. Inverse maps 



Et = (C" ^ C""M ^ E±= iC"^ ^2n-l+r 



of tt!^ ^ and 7r"+^ are defined by 





f ' 


"^2 


M\ 



















Ao 


; 





and 







( ' 


-A2 


Ai 


(Cq j 1 6*2 ) :— hn, Di 




A2 





-A 






Va, 








= /3„_3 for 7r;-2 



for 7r!!+\ 



where /3„ and Isn-s are unit matrices with sizes 3n and 3n — 3 respectively. 
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Hence we get the diagram: 
(14) M+{a 



9+ 




M^{ar) 



Moiar) 



M+(a„_2) Mriar) ^— Af_(a„+i) 

where <?_ := {'k":_'^^)~^ ottqO f_ and .g+ :~ (tt"^^)"-' ottJo/^. Morphisms and 5+ 
are exphcitly defined by the following universal extensions for each £ A/„(ar) 
and E+ € M+{ar), 

(15) Ext]^{E^,Soy ® 5o g-{E-) E^ 0, 

(16) 0^E+^ g+{E+) Ext^(S'o,i;+) 5*0 0. 

Hence via isomorphisms (|12p. the morphism g- coincides with Yoshioka's map 
which is defined by a similar exact sequence ((Ij . By Lemma 13.21 and the dia- 
gram (HU, we have 

Mo{ar) = im (7_ = irtYip. 
This gives a proof of (1) in Proposition 1 1.31 

3.2. Brill-Noether locus. We introduce the Brill- Noether locus M^_{ar) and 
-Af+(Q!r) as follows. 

Ml{ar) {E^ G A/_(q!^) | dime HomB(5o, £;_) = i}, 
Af;(a,) := {E+ e Af+(a,) | dime HomB(£;+, So) = «}. 
When we replace '=i' by '> i' in the right hand side, the corresponding moduli 
spaces are denoted by the left hand side with 'i' replaced by '> i'. 

If we put 6* := J2i '■ ^0 Ki<E)x, then the zero locus of /^''^'^o-i+ig* defines 
Mz^{ar) as a closed subscheme of M-{ar) because kerJ* ^ HomB( 6*0,^^2:) for any 

X e A/_(ar), where U = ^Z^-i Uo ^ Ui^ is a universal family of _B-modules 

on Af_(ar). Similarly, M^^{ar) is defined as a closed subscheme of Af+(ar). 
ML{ar) = Mz'iar) \ Afr'+^(ar) and M^ar) = M~\ar) \ Af|*+^(a^) are open 
subset of Af^'(ar) and A/^*(ar), respectively. 

3.3. Set-theoretical description of Grassmann bundles. By Lemma [3.21 we 
have the following proposition. 

Proposition 3.4. The following hold. 

(1) For any E^ G AP_{ar), we put E' := coker (HomB(S'o, -E_) ® E^). 
Then E' is O^-semistable and Yiorci b{Sq,E') = 0, that is, E' G Af£(aj.-i). 
Hence E' is also 0Q-stable. 

(2) Conversely, for any E' G M^(ar-i) and any i-dimensional vector subspace 
V C Ext]j(£^', 5o), we obtain a B-module E^ by the canonical exact se- 
quence 

Q ® So ^ E^ ^ E' ^ Q. 

Then E^ is 0^-semistable and HomB(5o, E^) = V, that is, E^ G Afl(ar). 

(3) For any E+ G Ml{ar), we put E' := ker {E+ ^ RomgiE, SqY Sq). 
Then E' is 0^-semistable and HomB(i?', 6*0) — 0, that is, E' G M'^{ar-i). 
Hence E' is also 0Q-stable. 
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(4) Conversely, for any E' € M'^{ar^i) and any i- dimensional vector subspace 
V C Ext^(S'o, i?'); obtain a B-module E-^^ by the canonical exact se- 
quence 

Q-^ E' ^ E+^V ®Sq~^Q. 
Then E^ is 9^-semistable and HomB(i?+, Sq) = V , that is, E^ G M]^{ar)- 

By Lemma [3.21 M'^{ar~i) is set theoretically equal to M^(ar-i)- For any B- 
module E, we have 'Ey±%{So,E) = Ext|(£;,S'o) = by pikl Lemma 4.6 (1)]. 
Hence by the Rieman-Roch formula, for any element E' € M°(ar-i) — M^{ar-i) 
we have dime Extg(i?', 5*0) = 7i + l — r + i and dime Ext]3(S'o, E') = n — 2 — r + i. 
Ifn — 2 — r>0, then by the above lemma we have set theoretical equalities 

/- (Ml(ar)) = {^0®' ®E'\E'e Ml{ar-^) = MO(a,_0} / =s 

where =5 denotes the S-equivalence relation (cf. |Ohkl § 4.1]). This gives a proof of 

(1) of Main Theorem ll.4l Fibers of S-equivalence class of S'®*©£" by /_ and /+ are 
parametrized by Gr{Ext]j{E' , So),i) and Gr{Ext]j{So,E'),i) for E' e M^{ar-i) = 

Lemma 3.5. For any integer i > r the following holds. 

Ml{ar) = M^iar) = 

Proof. By |Yos03[ Lemma 5.7], we have Mi(ar) — for any i > r. By (fTTl) this 
implies Ml{ar) = ^. □ 

3.4. Description of Cp2. In the following proposition we use the symbol a^.n = 
\n,2n-l + r,n-l) e K{B). 

Proposition 3.6. The following hold. 

(1) Mp2 (r, 1, n) 7^ if and only if n > r — 1. 
In the following, we assume r > 2. 

(2) Wq = R>oOa is a wall on a^„^ ig)Rforn>r-l. 

(3) Wp2 = M>o0p2 is a wall on a^^ ® ^ /o*" n > r. 
Hence we have R^qOq + K>o0p2 = Cp2 if n > r. 

Proof. (1) By the criterion for the existence of non exceptional stable sheaves in 
[Pot97[ § 16.4], we have our claim. 

(2) We assume n > r — 1. By (1), there exists an element E of = 
Mp2(r — 1, 1, n). By Lemma [3.21 (1), a S-modulc E (B Sq is 6'0-semistable and has 
a submodule 6*0 with 9o{So) — 0. Hence Wq = K>o0o is a wall on (g) R. 

(3) We assume n > r and take an element J" of Mp2(r, 1, n — 1). We consider the 
exact sequence 

for skyscraper sheaf Ox at any point x e P^. Then J^' is stable since = 
At(J"). This gives elements F $(J"[1]), F' $(J"'[1]) of M_{ar,n-i), M_{ar,n) 
respectively and an exact sequence of i?-modulcs 

^ $(0^) ^ F' ^ F ^ 0. 

Hence Wr2 — R>o6'p2 is a wall on (g) M. These together with pT|) imply the last 
assertion. □ 
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By this proposition and [Ohkl Lemma 6.3 (2)] we have M>o6'o + M>o0p2 = Cp2 if 
r = 1 and n > 2, or r > 2 and n> r. In this case C+ is different from C_ = Cp2 and 
it is adjacent to C_ = Cp2 with the boundary containing Wq. By the description 
of the canonical bundle of M_(ar) in Proposition 12.31 we see that the diagram (fT3|) 
gives the flip of M^(ar). Hence we get an isomorphism M-^-{ar) = Af+(r, 1, n) and 
a proof of (2) in Proposition 11.31 

Proposition 3.7. Moduli schemes M^{ar) and M^(ar) are smooth. 

Proof. By Lemma [121 deformation functors of S-modulcs E have obstruction the- 
ories with values in 'Ext%{E, E). Since Ext| (£;_,£;_) = for any i?_ e M_(ar) = 
Mp2(r, l,n) we see that M^{ar) is smooth (cf. jHL97[ Corollary 4.5.2]). Further- 
more if Ej^ is an element of M+{ar) then by Proposition 13.41 we have an exact 
sequence 

E' ^ E+^V ®Sq^Q 
for some i and E' E M^{ar-i). Since 

ExtliSo,E+) = Extl{E',E') = Ext|(i;',5o) = 0, 

we also have Ext^(i?+, = 0. Thus AI^{ar) is also smooth. □ 

In the rest of this section we show that the diagram ([T^ is scheme theoretically 
described by stratified Grassmann bundles. 

3.5. Coherent systems. For r > i > we define moduli of coherent systems 
M^{ar,i) and M+{ar,i) : 

M_{ar,i) := {iE-,V) \ E^ e M_(a,.),F C Homs(S'o, i^-) with dime V = i}, 

M+{ar,i) := {{E+,V) \ E+ e M+K),^ C YLoTnB{E+, Sq) with dime V = «}■ 

These moduli schemes are constructed as follows. We only show the construction 
of M-{ar,i) because the construction of M+{ar,i) is similar. 
We introduce the following quiver with relations (Q,I), where 

u 

p 

Q:=s_i^ ll co^ 'l (z,j = 0,l,2) 

(. 

w 
• 

and / is generated by the following relations 

7iP lEj = ^iSj + ^jSi = ip = 0, = 0, 1, 2). 

Let i3 be a path algebra CQ/I of the quiver with relations {Q,I). We have simple 
modules Cw_i, Cvq, Cvi, Cu and Cw. For each E K{B), we put 

ar ■.^n[Cv-i] + {2n + r-l)[CvQ] + {n-l)[Cvi] + {2n + r~i)[Cu]+i[Cw] e K{B), 

and for 9^ ~ i^Z^ , 6*" , 6*1) e a:lr and e' > small enough, we put 

0^ := 01 +61° [Cwol* +6'MCvi]* + [Cu]* - -\Cw]* £ . 

2n + r — i — 1 I 
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For any right _B-modulc with [£'_] = G K{B), 

> £2n-l+r~i ). Q 

B 



O 

Ci 







o 



we put 



Ci 



A 







-^0 



~^n— 1 



The fohowing lemma is proved similarly as in Lemma 13.21 (3). 

Lemma 3.8. // we take e' small enough, then E^ is 9^-semistable if and only if 
E^ is 9^-semistable and A is infective and B is surjective. 

Hence if we denote by Mg{ar,0^) the moduli of 0_-semistable B-module E^ 
with = Ur, we get an isomorphism Mjj{ar,0-) = M-{ar,i). We write as 

= {E-,C') e M_{ar,i) by abbreviation. 
We have morphisms 



qi: M^{ar,i) -> M^(a^): E^ = (£;_,C) ^ E^ 



and 



q2: M^{ar,i) M_{ar-i): E_ ^ q2{E_) 
defined by the canonical exact sequence 

^ e «) S'o ^ ^ q2{E^) 0. 



Similarly we have morphisms q'l: M^{ar,i) - 
M+(ar-i). If we take an element £'+ := {E+,C^ 
defined by = E+ and g2(^+) — ker {E+ 



> Af+(Q!,.) and q'2: M+{ar,i) 
€ M+(ar,i), then q[ and (73 are 
■> (C)*®^o)- 



Proposition 3.9. T/ie following hold. 

(1) r/ie morphism qi: M^{ar,i) — > Af_(Qr) *s a Gr{j,i) -bundle over each 
strata M^{ar). In particular we have an isomorphism 

q^: q^\Ml{ar))^Mliar). 

(2) The morphism 52 ^ Af_(ar,i) — > M_(ar-i) is a Gr{n + 1 ~ r + i,i)-bundle. 
In particular, we have an isomorphism q2: M-(an+i,i) A'/_(a„+i_i). 

(3) For any j > 0, we have q^^{Rf^^ar)) = q2^iMi{ar-^)). 

(4) The morphism q[: AI^{ar,i) — >■ M+(Qr) 'is a Gr{j,i) -bundle over each 
strata M:J_(ar). In particular we have an isomorphism 

iq[)-\Miiar))^Miiar). 

(5) The morphism q'2 : M^{ar, i) — >■ M^{ar-i) is a Gr{n — 2 — r + i, i)-bundle. 
In particular we have an isomorphism q!^: M4_(a„_2,i) ^ M+(Q„_2-i)- 

(6) For any j > 0, we have q'l {M^-' (ar)) = q'2 {M^{ar-i)) ■ 

Proof. (1) The fiber of qi over £'_ £ M-!_{ar) is parametrized by Gr(Homs(5'o, E^), i) 
for all j > i. For the universal bundle in (jH]), as in § 13.31 we put 6* := 
X^i ^i'f^iXi : Z//o — ^ Z^i(8)x. Then for any point p e M_(ar), we have ilomB{So,Up) = 
(ker(5*)p. Since ker 5* is locally free of rank j on Ml (a,.) (cf. |ACGH84l Chapter 
II]), we have Gr(j, i)-bundle Gr [kei- S*\j^jj yi) on M-'_{ar). 
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On the other hand, by the definition of M^Lipr) (cf § 13. 2p . we easily see that 
M-'_{ar) represents the modufi functor parametrizing famihes of 0_-semistable B- 
modules with [E^] = Ur and dime HoniB(5o, -E-) = j- Hence q^^ {M-'_{ar)) 
have the same universal property of Gr(ker 7* l^^j yi) and we have q^^{AIi_ (ctr)) = 
Gr(ker7*|^^^(^^),i). 

(2) The fiber of (72 over E' = q2{E-) is parametrized by Gr (Ext]3(_E', 5o), «). For 
the universal family U' = \ W_i ''-4 Uq ^ U'l] of B-modules on M^{ar-i)^ we put 



7'* := ® X* : U^i (g) X ^ Wo. 

i 

Dince we have (ker7'*)^, = Ext^(Z^;,, S-q) for any p' G M_(ar-i). Similarly as in 
(1) we get 

M_{ar,i) = Gr ((ker 7'*)^, i) . 

(3) Since spaces of both sides have the same universal property, our claim holds. 

(4) , (5) and (6) are proved similarly as in (1), (2) and (3). □ 

Corollary 3.10. M^{ar) and M\,{ar) are smooth for any i,r>0. 

Proof. The restriction of the morphism qi : M^{ar,i) — !■ M^{ar) gives an isomor- 
phism 

q^\Ml{ar))^MUar). 

By Proposition [3]9] (3) we have an isomorphism M^{ar) = (7^"'^(M° (a,_i)). Hence 
by Proposition l3.9l f2). M'!i{ar) is isomorphic to a Grassmann-bundle over M^{ar-i). 
Since M?!(a,._i) is smooth by Proposition 13. 71 we see that M'^{ar) is also smooth. 
Similarly M'^{ar) is shown to be smooth. □ 

3.6. Stratified Grassmann bundle. In this section we show that morphisms 
/± '■ M±{ar) —> Mo{ar) are described by stratified Grassmann bundles using Propo- 
sition [Sill 

We consider the diagram: 

M_(a„+i,n-|- 1 - r) 

'92 qi' 
M_{ar) M_(a„+i). 

By Proposition l3.9l (2). (72 is an isomorphism and we have a map giog^^ : M_(q!,.) — >■ 
M_(a„_|_i), which coincides with by (fTS]) . This gives another proof of Thco- 
rem ll.ll Similarly the map q'lOq!^ : M-)_(ar) = Af+(Q;„_2, ri — 2 — r) — )• M+(q;„_2) 
coincide with the map g+ by (|16p . For any r > 0, we have isomorphisms M£ (a^) = 
M'^'^^~^ {un+i) and M° (a^) = M"~'^~^ {an-2) via g- and g^ respectively. In par- 
ticular, we have isomorphisms 

By the diagram ((HI), M"+^"''+*(a„+i) and M""^"''+'(a„_2) coincide with images 
/_(Mi(a^)) = /+(Af|(a^)) of /_ and /+. This gives a proof of (2) in Main 
Theorem O 

By Proposition 13.91 and the diagram we also have proofs of (3) and (4) in 
Main Theorem [Til 
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3.7. Hodge polynomials of flips. We study the difference between Hodge poly- 
nomials of M^{ar) and AI+{ar). To do this we use the virtual Hodge polynomial 
(^(Y) ■■= T,p,q eP''^{Y)xPy'J for any variety Y (of. j PK STQ. 
By Main Thoerem ll.4l we get the following diagram 

(18) UMliar) UAP_{ar) 

UM^(a,) 

where restrictions of /+ and /_ to Mj_ are Gr(ri — 2 — r + J, i)-bundle and Gr{n + 1 — 
r + i, i)-bundle over MQ(ar) = M^{ar-i), respectively. Hence we get the following 
equality. 

(19) e(M_(a,))-e(Af+(a,)) = 

(e (Gr(n + 1 -r + i,i)) - e (Gr(n - 2 - r + i, i)) ) e (M° (a^^,)) . 

In the following we compute the Hodge polynomial of M+(ar) from that of 
M-{ar) in the case where r = 1,2. In this case, we know the Hodge polynomial of 
M-{ar) = Mp2{r, 1, n) from jES93j and |Yos94| . We need the following proposition. 

Proposition 3.11. We have following isomorphisms: 

Af_(ao)=Af+(ao)=P^ 

A proof of this proposition is given in Appendix. From this proposition and (|19p , 
we get the following: 

••• = M+(l,l,l) = Af+(l, 1,2)^0, 
e (M+(l, 1, 3)) = t^^ + + Zt^ + 3<^ + 3t^ + + 1, 
e (M+(l, 1, 4)) = t^^ + 2t" + 5i^2 + 8t^° + lOt^ + + hf^ + 2t^ + 1, 
e (M+(l, 1, 5)) = • • • + 21ti" + 19i* + lli^ + + 2i2 + l, 
e (M+(l, 1, n)) = e (Mp2(l, 1, n)) - (^^"+4 + 2t2"+2 + Si^" + 2i2"-2 + i2„-4-)^ 
and 

■■■^ M+{2, 1, 1) = Af+(2, 1, 2) = A^+(2, 1, 3) = 0, 
e (M+(2, 1, 4)) = • • • + 12ti2 _,_ 10^10 + gt^ + 5^6 + 3^4 + ^2 _^ 1^ 

e (Af+(2, 1, 5)) = • • • + 67<^^ + eOi^"* + 48^^^ + 32<i" + 20i* + IQt^ 
+ 5t-^ + 2<2 + 1, 

where t = xy. 

Appendix A. Proof of Proposition 13.111 

We take ao G K{P'^) such that ch(ao) — ~(0, l,n) as in §3 and give a proof of 
Proposition 13.111 

A.l. Bridgeland stability. We briefly introduce the concept of Bridgeland sta- 
bility. For details the reader can consult |Bri07) . Let A be an abelian category, 
K{A) the Grothendieck group of A. 

Definition A.l. A stability function Z on A is a group homomorphism from K(A) 
to C satisfying that for any object E € A, if E is not equal to zero we have Z{E) G 
M>oexp(v^7r(/)(i;)) with < (t){E) < 1. 

The real number (/>(£') is called phase of E. 
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Definition A. 2. A nonzero object E Cz A is semistable with respect to Z if and 
only if for any proper subobject =/= F C. E we have (t>{F) < (j){E). If the inequality 
is always strict we call E to be stable with respect to Z . 

Let T be a triangulated category, K(T) the Grothendieck group of T- 

Definition A. 3. A stability condition a on D''(P) is a pair a =^ [A,Z), which 
consists of a full subcategory A of T and a group homomorphism Z : K{T) — >■ C 
satisfying following conditions: 

• A is a heart of a bounded t-structure of T , which implies A is an abelian 
category and K{A) is isomorphic to K{T) by the inclusion A C T- Hence 
we always identify them. 

• Z is a stability function on A via the above identification K{A) — K{T). 

• Z has Harder- Narasimhan property. 

We omit the definition of "a heart of a bounded t-structure" and "Harder- 
Narasimhan property" (see |Bri07i § 2 and § 3]). We denote a set of all stability 
conditions satisfying a technical condition called "local finiteness" (see [Bri07l § 5]) 
by Stab(r). 

Definition A. 4. For a stability condition a = {A, Z) G Stab(T), an object E eT 
is called a -(semi) stable if and only if E belongs to A up to shift functors [n]: T ^ T 
for n £ Tj, and it is semistable with respect to Z . 

In the following we only consider the case where T — Z)''(P^) and we put 
Stab(p2) := Stab(r). For a S K{V^) and a = {A, Z) e Stab(p2), we define a mod- 
uli functor A^£)b(p2-) (a, cr) of cr-semistable objects E E A with [E] ^ a E K{P'^) as 
follows. The moduli functor Mjjb(^p2^{a,cr) is a functor from (Sch/C) to (Set). For 
a scheme S over C it sends 5 to a set MDb^p-2^{a, cr){S) of families F E D''{P'^ x S) 
of (T-semistable objects with class a in K{V'^). This means that for any C-valued 
point sE S, the fiber Lt*J" E D"(p2) belongs to the fuU subcategory A C ^''(P^) 
and cr-semistable with [Lt* J"] = a E K{V'^). 

There exists a right action of GL (2,M) on Stab(P-^) and this action does not 
change semistable objects. Hence for any a E K(P'^), a E Stab(P^) and g E 

GL (2, R), there exists an integer n G Z such that shift [n] induces an isomorphism 
of functors 

Xi56(p2)(a, cr) 9i Ali5i,(p2)((-l)"a, ag): E^ E[n]. 

A. 2. Geometric stability. Let H be the ample generator of Pic(P^) and s, i G M 
with i > 0. For any torsion free sheaf i? on P^, the slope of E is defined by fj,H{E) :~ 
^^^j and define /i//-semistability. E has the Harder-Narasimhan filtration with iih- 
semistable factors. We denote the maximal value and the minimal value of slopes 
of ^//-semistable factors of E by /i/f-max 

(E) and fiH-min{E), respectively. Then 
we define a pair (T^sH,tH) = {A^shah), Z(sH,tH)) as follows. 

Definition A. 5. An object E E D^{F'^) belongs to the full subcategory A[sH,tH) if 
and only if 

• WiE) = for all i 7^ 0,-1 

• HPi^E) is torsion or /i/f— min 

{n^{E)f,) > st, where n^{E)f, is the free part 

ofn°{E) 
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• H ^{E) is torsion free and ^j-h -max 

{n-\E)) < St. 

The group homomorphism ^(sH,tH) is defined by 

Z^sH.tH)iE) - / chiE)eM-sH-V^tH). 

If s and t belong to Q, then (J(^sH,tH) is a stability condition on i?''(P^) (cf. 
[ABL] ). In general we do not know wheather cr(sH,tH) is a stability condition on 
D^{¥^). We have the following criterion due to Bridgeland. 

Proposition A. 6. cf. [Ohk l Proposition 3.6] For a G Stab(P^), there exist g £ 

GL (2,R) and s, i G M with t > such that a — (J^gu tu^g if and only if the 
following conditions (i) and (ii) hold. 

(i) For any closed point x G P^, the skyscraper sheaf Ox is a-stable. 

(ii) For any /3 € K{V^), if Z{/3) = then c\ - 2rch2 < where ch(;3) = 
(r, ci,ch2). 

A.3. Proof of Proposition [SUB We take ct^ = (^,^^) G Stab(p2) for s e R 
with — 1 < s < 1, where 

^= (Op2(-l)[2],Op2[l],Op2) 
and Z'^ is a group homomorphism : if (P^) — > C defined by 

Z\e^^) = ^f^, Z^(eo) = 1 + V^, Z\e,) = 

for a = [C'p2(i)[l - i]] e i4:(p2), i = -1,0, 1. Then by Proposition [Ql we see that 
there exists an element G GL (2,R) such that 

(20) cr" =cr(^sH,tH)9', 
where t = \/l — s^. 

We take ao — *(n, 2n — l,n — 1) G K{B) and define a group homomorphism 
0'' : K{B) ^ C by 

ReZ'*(/3) ReZ^(ao)\ 
ImZ'*^^) ImZ^(ao)y 

for each /3 G K{B). Then by [Ohkl Proposition 1.2], MB(ao,0^) corepresents the 
moduli functor A^j5b(p2') (ap, cr''). Furthermore by (1201) . we have an isomorphism 

(21) MDi'(v^){-ao,a(sHAH)) = -^D''(p2) (ao, cr"*) : ^ E[l] 

of moduli functors. We notice that for an object E e A(^sH.tH): we have [E] = 
-ao e K{B) = ii:(p2) if and only if ch(£;) = (0, 1, i - n) e Z Z ® iZ. We give 
the following lemmas to prove Proposition 13. Ill 

Lemma A. 7. We assume — 1 < s < and put t — \/l — . Then for any line 
L C P^, the structure sheaf Ol{^ — ri) tensored by Op2[[l — n)H) is a(sH,tH)-stable. 

Proof. We show that 0^(1 — n) E A(sH,tH) is cr(s/f.f/f) -stable for any line L C P^. 
We take an exact sequence in A(^sH.tH} 

F ^ Ol{1 - n) ^ G ^ 0. 

Then we have a long exact sequence 

H-^{G) -^F-^ Ol{1 -n)~> n°{G) 0. 

If the dimension of support of H°(G') is equal to 1, we have rk(i^) = rk('H^^(G)), 
ci{F) = ciCH'^G)). If rk(F) ^ 0, this contradicts the fact that F,G e A^sH^tH) 
implies inequalities /itH(H~^(G)) < st < pitH{F). Hence is a torsion sheaf and 
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n-^iG) = 0. This implies F = and G = - n) since Ol{1 - n) is a pure 

sheaf. 

If the dimension of support of H°(G) is equal to 0, we have rk(F) = rk('H~^(G)), 
ci{F) = ciin-^G)) - 1. Inequalities hh{U~^{G)) < st < ^^(F) implis 

ci(F) = 1, and ci{n-\G)) = 0. 

Hence we have Im Z(^sH.tH) (G) = rk{H^^{G))st. In the case where s < this implies 
'H^^(G) = since lmZ(^sH.tH){G) > 0. In any case, we have Im Z(^sH,tH){G) — 
and 

0(G) = l>0(OL(l-n)). 
Hence G does not break (T(s/f t//) -stability of C'l(1 ~ "■)■ D 

Lemma A. 8. An object E G A(q,h) with [E] — — ag is <j(Q^H)-sem,istahle if and 
only if E = Ol(1 — n) for a line L on P^. 

Proof. We assume that E G A(o,h) is CT(o,H)-semistable and 'H^^{E) ^ 0. We put 
F := 'H^^{E)[1] and G 'HP{E). Then an exact sequence in .4(0, 

O^F^F^G^O 

implies that < ImZ(o,ff)(F) < Im Z(o,_f/) (F) = t < 1. If we put ch(F) = 
— (r, Ci,ch2) with r > 0. Then ImZ(o,/f)(F) = — ci = hence we see that 
(/)(F) < 0(F) = 1 contradicting to (7(o,i/)"Semistability of E. Thus F is a sheaf 
with ch(F) = (0,1, 1 — n). Any subsheaf with support dimension 1 of F break 
cr(o,/f)-semistability of F. Hence we see that F is a pure sheaf. This shows that 
F = Ol{1 - n) for a line L on P^. 

Conversely by Lemma I A. 7[ we see that 0^(1 — n) G .4(0.//) is (T(o,/f)-semistable 
for any line L C P^. □ 

By this lemma and the isomorphism (j2ip . the moduli functor A^/36(p2)(ao, cr") 
is represented by P^ 92! {0^(1 - n) | F C P^ : line }. By [Ohkl Proposition 4.4], 
A^£)6(p2') (ao, (T°) is also represented by Mb {eta, O'^). Hence we have an isomorphism 
MBiao,e") = P2. If we put so := ^2^^' tli^n we have 6"°+^ G G_, P""^ G G+ 
and 0"" G Wq for e > small enough. By Lemma FA. 71 everv object in MB{cto,9^) 
is ^''-stable for — 1 < s < 0. Hence Wq is not a wall and C± and Wq are contained 
in a single chamber. As a consequence we have isomorphisms 

M+iao) = M_(ao) = MB(ao, - P'- 
This completes the proof of Proposition 13. Ill 
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